We determine which non-crystallographic, almost-crystallographic groups of dimension 4 have the R∞-property. We then calculate the Reidemeister spectra of the 3-dimensional almost-crystallographic groups and the 4-dimensional almost-Bieberbach groups.
Introduction
Let G be any group and ϕ : G → G an endomorphism of this group. Define an equivalence relation ∼ ϕ on G given by ∀g, g ′ ∈ G : g ∼ ϕ g ′ ⇐⇒ ∃h ∈ G : g = hg ′ ϕ(h) −1 .
An equivalence class [g] ϕ is called a Reidemeister class of ϕ or ϕ-twisted conjugacy class.
The Reidemeister number R(ϕ) is the number of Reidemeister classes of ϕ and is therefore always a positive integer or infinity. The Reidemeister spectrum of a group G is the set of all Reidemeister numbers when considering all possible automorphisms of that group:
Spec R (G) := {R(ϕ) | ϕ ∈ Aut(G)}.
If Spec R (G) = {∞} we say that G has the R ∞ -property.
Reidemeister numbers originate in Nielsen fixed-point theory, where they are defined as the number of fixed point classes of a self-map of a topological space [11] , although they also yield applications in algebraic geometry and representation theory [8] .
It turns out that many (infinite) groups admit the R ∞ -property. This is also the case for most almost-crystallographic groups, e.g. in [5] it was shown that 207 of the 219 3-dimensional crystallographic groups and 15 of the 17 families of 3-dimensional (notcrystallographic) almost-crystallographic groups all have the R ∞ -property. Furthermore, in [4] it was shown that 4692 of the 4783 4-dimensional crystallographic groups admit the R ∞ property. Moreover, the Reidemeister spectra of all crystallographic groups of dimensions 1, 2 and 3 were calculated, as well as the spectra of the 4-dimensional Bieberbach groups. In this paper we extend these results by studying the 4-dimensional almost-crystallographic groups.
This paper is structured as follows. In the next two sections, we provide the necessary preliminaries on Reidemeister numbers and almost-crystallographic groups. In section 4 we determine which almost-crystallographic groups of dimension 4 possess the R ∞ -property. Sections 5 and 6 are devoted to calculating the Reidemeister spectra of the 3-dimensional almost-crystallographic groups and the 4-dimensional almost-Bieberbach groups respectively. The final section summarises the obtained results.
Reidemeister numbers and spectra
In this section we introduce basic notions concerning the Reidemeister number. For a general reference on Reidemeister numbers and their connection to fixed point theory, we refer the reader to [11] .
The definitions of the Reidemeister number and Reidemeister spectrum were given in the introduction. However, nothing was said on how we actually determine whether a group has the R ∞ -property, and if not, how we calculate its Reidemeister spectrum. The following lemma is an essential tool for the former.
Lemma 2.1 (see [9, 8] ). Let N be a normal subgroup of a group G and ϕ ∈ Aut(G) with ϕ(N ) = N . We denote the restriction of ϕ to N by ϕ| N , and the induced automorphism on the quotient G/N by ϕ ′ . We then get the following commutative diagram with exact rows:
We obtain the following properties:
A direct consequence for characteristic subgroups is the following:
(1) the quotient G/N has the R ∞ -property, or (2) N has finite index in G and has the R ∞ -property, then G has the R ∞ -property as well.
Almost-crystallographic groups
Let G be a connected, simply connected, nilpotent Lie Group with automorphism group Aut(G). The affine group Aff(G) is the semi-direct product Aff(G) = G ⋊ Aut(G), where multiplication is defined by (
. If C is a maximal compact subgroup of Aut(G), then G ⋊ C is a subgroup of Aff(G). A cocompact discrete subgroup Γ of G ⋊ C is called an almost-crystallographic group modelled on the Lie group G. The dimension of Γ is defined as the dimension of G. If Γ is torsion-free, then it is called an almost-Bieberbach group. If G = R n , then it is called a crystallographic group, or a Bieberbach group if it also torsion-free.
Crystallographic groups were historically studied first, and are well understood by the three Bieberbach theorems. These theorems have since been generalised to almost-crystallographic groups, which we will briefly discuss below. We refer to [13] and [2] for more information on the original and generalised theorems respectively.
The generalised first Bieberbach theorem says that if Γ ⊆ Aff(G) is an n-dimensional almost-crystallographic group, then its translation subgroup N := Γ ∩ G is a uniform lattice of G and is of finite index in Γ. Moreover, N is the unique maximal nilpotent normal subgroup of Γ, and is therefore characteristic in Γ. The quotient group F := Γ/N is a finite group called the holonomy group of Γ. In fact F = {A ∈ Aut(G) | ∃a ∈ G : (a, A) ∈ Γ}.
If Γ is crystallographic (G = R n ), we may assume that N = Z n and F is a subgroup of GL n (Z).
The generalised second Bieberbach theorem tells us more about automorphisms of almost-crystallographic groups.
Theorem 3.1 (generalised second Bieberbach theorem). Let ϕ : Γ → Γ be an automorphism of an almost-crystallographic group Γ ⊆ Aff(G) with holonomy group F . Then there exists
To shorten notation, we will write ϕ = ξ (d,D) .
An automorphism Φ : G → G of a Lie group G induces an automorphism Φ * : g → g of the associated Lie algebra g. We will henceforth always denote an induced automorphisms on a Lie algebra with a star ( * ) subscript, for example A * is the Lie algebra automorphism induced by some A ∈ F where F ⊆ Aut(G) is the holonomy group of an almost-crystallographic group. In particular, an automorphism ϕ = ξ (d,D) of almostcrystallographic groups has an associated matrix D * .
The generalised third Bieberbach theorem is less straightforward to generalise. Unlike for crystallographic groups, it is not true that there are only finitely many n-dimensional almost-crystallographic groups for a given dimension n. However, we can state that for a given finitely generated torsion-free nilpotent group N , there are (up to isomorphism) only finitely many almost-crystallographic groups Γ such that the translation subgroup of Γ is isomorphic to N .
In [2] , this generalisation is proved using the concept of an isolator, which shall prove useful to us as well. Definition 3.2. Let G be a group with subgroup H. The isolator of H in G is defined as
Although much can be said about isolators, for the purposes of this paper we only care about a very specific result. We will now give the most important results for Reidemeister theory applied to almostcrystallographic groups. A first result allows us to easily determine whether an almostcrystallographic groups admits the R ∞ -property or not.
Theorem 3.4 (see [5] ). Let Γ be an n-dimensional almost-crystallographic group with holonomy group F ⊆ Aut(G) and ϕ = ξ (d,D) ∈ Aut(Γ) (where we use the notation of theorem 3.1). Then
The second result only holds for almost-Bieberbach groups, and allows for an easy computation of the Reidemeister number of an automorphism. Theorem 3.5 (averaging formula, see [10, 12] ). Let Γ be an n-dimensional almost-Bieberbach group with holonomy group F ⊆ Aut(G), and
In general, this formula does not hold for automorphisms of almost-crystallographic groups, examples can be found in [4] and later in this paper. Therefore, the calculation of the Reidemeister spectra usually requires a deeper understanding of how the Reidemeister classes are formed in a specific group. 4 The R ∞ -property for 4-dimensional almost-crystallographic groups
Every almost-crystallographic group of dimension 1 or 2 is crystallographic. In [5] it was determined which 3-dimensional almost-crystallographic groups admit the R ∞ -property. We extend these results to dimension 4. In this case the translation subgroup N is a finitely generated, torsion-free, nilpotent group of rank 4 and nilpotency class at most 3. Nilpotency class 1 is of course the crystallographic case, which was done in [4] .
Nilpotency class 2
Let Γ be an almost-crystallographic group whose translation subgroup N is a nilpotent group of rank 4 and nilpotency class 2. In [2] it was shown that N can be given the following presentation: and [e 4 , e 3 ] = e l3 1 . Lemma 3.3 tells us that the subgroup e 1 = N γ 2 (N ) is characteristic and the quotient Γ ′ := Γ/ e 1 is a 3-dimensional crystallographic group. Using corollary 2.2, we know that if Γ ′ has the R ∞ -property, then so does Γ. In [2, 3] the almost-crystallographic groups were classified into families based on which crystallographic group Γ ′ is. Since only twelve 3-dimensional crystallographic groups do not have the R ∞ -property, we need only consider the corresponding twelve families of 4-dimensional almost-crystallographic groups. Each of these families can be split in smaller subfamilies, determined by the action of F on N γ 2 (N ): every A ∈ F acts on e 1 by A e 1 = e ǫA 1 with ǫ A ∈ {−1, 1}. The following proposition quickly deals with the subfamilies where F does not act trivially on N γ 2 (N ).
Proposition 4.1. Let Γ be an almost-crystallographic group with translation subgroup N of rank 4 and nilpotency class 2, and holonomy group F . If F acts non-trivially on N γ 2 (N ), then Γ has the R ∞ -property.
Proof. Let A ∈ F arbitrary and ϕ = ξ (d,D) ∈ Aut(Γ). Since A acts on e 1 = N γ 2 (N ) by A e 1 = e ǫA 1 with ǫ A ∈ {−1, 1} and ϕ(e 1 ) = e ν 1 with ν ∈ {−1, 1}, A * and D * must have the following forms:
Now let us look at specific A ∈ F . First, let A be the neutral element of F , which necessarily acts trivially on e As ν cannot be −1 and 1 at the same time, we always have some A ∈ F for which det(1 4 − A * D * ) = 0, and by theorem 3.4 this means that R(ϕ) = ∞. Since this holds for any automorphism, Γ has the R ∞ -property.
From the proof of the theorem above, we can also conclude the following: Proposition 4.2. Let Γ be an almost-crystallographic group with translation subgroup N of rank 4 and nilpotency class 2, and let e 1 be a generator of N γ 2 (N ). If ϕ ∈ Aut(Γ) has finite Reidemeister number, then ϕ(e 1 ) = e −1
1 . We will number the twelve families under consideration according to the crystallographic group Γ/ N γ 2 (N ), using the classification in the International Tables in Crystallography [1] : they are families 1-5, 16, 19, 22-24, 143 and 146. When we write Γ n/m , we mean the n-dimensional crystallographic group with IT-number m.
Using the techniques in [2, Section 5.4], we find that for an almost-crystallographic group belonging to one of the families 16, 19 or 22-24, F acting trivially on N γ 2 (N ) implies that the group is actually crystallographic. Therefore we may omit these families and we are left with only 7 families to study. Note that the presentations given in this paper may vary from those in [2, 3] . Family 1. This family consists of the finitely generated, torsion-free, nilpotent groups of nilpotency class 2 and rank 4. It was shown in [7, Theorem 9.2.9 ] that these groups do not have the R ∞ -property. , and the faithful representation λ is given by
Depending on the value of ǫ, D ′ * has either eigenvalue 1, in which case det(1 3 − D ′ * ) = 0, or eigenvalue −1, in which case det(1 3 + D ′ * ) = 0. Since the holonomy group of Γ 3/2 is {1 3 , −1 3 }, we obtain by theorem 3.4 that R(ϕ ′ ) = ∞ and by lemma 2.1 that therefore R(ϕ) = ∞. Since this holds for an arbitrary automorphism, Γ has the R ∞ -property. , and the faithful representation λ is given by We can apply theorem 3.4 to show that R(ϕ) < ∞ and hence Γ does not have the R ∞ -property.
Families 143 and 146. Every group in one of these families has a presentation of the form
, and the faithful representation λ is given by 
Nilpotency class 3
By [7, Theorem 9.2.10] a finitely-generated, torsion-free, nilpotent group of nilpotency class 3 and rank 4 has the R ∞ -property. Applying corollary 2.2 then proves that every 4-dimensional almost-crystallographic group with translation subgroup of nilpotency class 3 has the R ∞ -property.
The Reidemeister spectra of the 3-dimensional almost-crystallographic groups
Let Γ be an almost-crystallographic group whose translation subgroup N is a nilpotent group of rank 3 and nilpotency class 2. Such N can be given the following presentation: , and the faithful representation λ is given by
Let ϕ : Γ → Γ be an automorphism with finite Reidemeister number R(ϕ); one can calculate that ϕ must be of the form 
For ease of notation, let us set
We will determine R(ϕ) in a very similar way to the proof of 
Projecting this to the quotient Γ ′ , we have
Set x = e (2) is equivalent to
with A the holonomy part of x e 1 . As R(ϕ ′ ) < ∞, we must have z 2 = z 3 = 0. But then z = e z1 1 , and (1) then becomes xe 1 = xe 2z1 1 . As z 1 is an integer, this is impossible. So, let us assume that ǫ z = 1. Writing out (1) component-wise, we find that this equation is equivalent to the following:
Condition (i) is independent of the e 1 -components, and hence can be interpreted in terms of the quotient group Γ ′ . In the proof of [4, Proposition 5.11] it was shown that, for a fixed value of ǫ x , the number of pairs (x 2 , x 3 ) for which a pair (z 2 , z 3 ) satisfying (i) exists is exactly O (1 2 − M, d) , i.e. the number of solutions (z 2 ,z 3 ) ∈ Z 2 2 of the linear system of equations
Note that the above equation is exactly condition (i) taken modulo 2.
Since ǫ 
We partition the solutions of (i') into those that do not satisfy condition (ii') and those that do. Let S be the number of the former, and T the number of the latter, then 
In particular, we already know that R(ϕ) ∈ 2N. By going through all combinations of tr(M ) mod 2 and S, we can further determine the possible Reidemeister numbers. Note that
Hence we have:
There is one special case, however. If M ≡ 1 2 mod 2 all entries of 1 2 − M will be multiples of 2; so | det(1 2 − M )| = | tr(M )| ∈ 4N and therefore R(ϕ) ∈ 8N + 2S.
An automorphism ϕ is uniquely defined by the matrix M ∈ GL 2 (Z) and the vector d ∈ Z 2 . Our goal is to find out, for each tuple (k 1 , k 2 , k 3 , k 4 ), which M and d satisfy conditions (a) -(d) and thus produce an automorphism.
Conditions (a) -(c) are actually conditions over Z 2 , and none of the parameters k i appear in condition (d). Therefore, only the parity of the k i will play a role, so we need to check 16 cases, each corresponding to an element of Z 
The function MakeList defined in algorithm 1 does exactly this. Moreover, it assigns to every couple a set R, which is the set of possible Reidemeister numbers the corresponding automorphisms can have. The results can be found in tables 1 to 12. The Reidemeister spectrum of a group is a subset of (or the entirety of) the union of all these sets R.
Next, for each quadruplet of parameters, we tried to find a family of automorphisms whose Reidemeister numbers produce the union of these sets R. We succeeded in this for every choice of parameters, hence the Reidemeister spectrum always equals the union of the R. These automorphisms and their Reidemeister spectra, for all (k 1 , k 2 , k 3 , k 4 ), can be found in table 13 . For the sake of brevity, we omitted ∞ from the spectra in this table.
We may thus conclude that, depending on the parity of the parameters k 1 , k 2 , k 3 and k 4 , the Reidemeister spectrum is 2N ∪ {∞}, 4N ∪ {∞}, (4N − 2) ∪ {∞} or (2N + 2) ∪ {∞}. Note that all almost-Bieberbach groups have parameters with parities (0, 0, 0, 1) and therefore have spectrum 2N ∪ {∞}.
Spectra of 4D almost-Bieberbach groups
We already determined in section 4 which families of four-dimensional almost-crystallographic groups do not have the R ∞ -property. In [2] it is determined which groups among these families are almost-Bieberbach groups.
Family 1. Every group in this family is a finitely generated, torsion-free, nilpotent group of rank 4 and nilpotency class 3. In [7] it was shown the Reidemeister spectrum of such group is always 4N ∪ {∞}.
if conditions (1), (2), (3) ifz satisfies (i') but not (ii') then 
In the former case, such almost-Bieberbach group can be seen as an internal semidirect product H k ⋊ Z, where H k = e 1 , e 3 , e 4 and Z = α . Similarly, in the latter case, a group is an internal semidirect product H 2k ⋊ Z.
Both of these semidirect products were studied in [6, Proposition 5.23 ], their Reidemeister spectra are respectively 4N ∪ {∞} and 8N ∪ {∞}. 
Using theorem 3.5, we find that R(ϕ) = 8|m 1 + m 4 | ∈ 8N ∪ {∞}. Now, take the automorphism ϕ m given by ϕ m (e 1 ) = e 
Conclusion
We have determined which (non-crystallographic) almost-crystallographic groups of dimension 4 admit the R ∞ property, and calculated the Reidemeister spectra of the noncrystallographic 3-dimensional almost-crystallographic groups, as well as the spectra of the non-crystallographic 4-dimensional almost-Bieberbach groups. Together with the results of [4] , this completes the calculation of the Reidemeister spectra of the 3-dimensional almostcrystallographic groups and of the 4-dimensional almost-Bieberbach groups. Table 1 : 
